We successfully exhaust the complete set of exact solutions of non-Abelian vortices in a quiver gauge theory, that is, the S[U (N ) × U (N )] gauge theory with a bi-fudamental scalar field on a hyperbolic plane with a certain curvature, from SO(3)-invariant SU (2N ) Yang-Mills instanton solutions. This work provides, for the first time, exact non-Abelian vortex solutions. We establish the ADHM construction for non-Abelian vortices and identify all the moduli parameters and the complete moduli space.
I. INTRODUCTION
obtained from self-dual Yang-Mills equations on Σ × S 2 [25] . Recently, hyperbolic vortices have been studied extensively [26] . In particular, BPS non-Abelian vortex equations in a quiver gauge theory, i.e., S[U(N) × U(N)] gauge theory coupled with a bi-fundamental scalar field on a hyperbolic space were obtained from SO(3)-symmetric SU(2N) Yang-Mills instantons in a previous study [27] . However, that study only considered embedding of the Abelian vortex solutions into the diagonal U(1) N subgroup. The same vortices on a flat space were also studied in another work [28] . However, there remain open question on whether these vortices have non-trivial orientational moduli or what the complete set of solutions is.
In this Letter, we construct, for the first time, a complete set of all the exact solutions of non-Abelian vortices in the S[U(N) × U(N)] gauge theory with a bi-fundamental scalar field on a hyperbolic plane with a certain curvature. We use SO(3)-invariant SU(2N) Yang-Mills instanton solutions. We also establish the ADHM construction for non-Abelian vortices and identify all the moduli parameters and the complete moduli space.
II. HYPERBOLIC VORTICES FROM SO(3)-INVARIANT INSTANTONS

A. S[U (N ) × U (N )] vortices on a hyperbolic plane
We consider a hyperbolic plane H 2 as the upper half plane with a complex coordinate z, with r ≡ Im z > 0, endowed with the metric
The constant R is related to the scalar curvature −1/R 2 . See Appendix A.
Let us consider the U(N) × U(N) gauge theory with gauge fields A z (z,z) andÃ z (z,z), coupled with a single bi-fundamental Higgs field H(z,z). Note that the overall U(1) gauge group is trivial, and hence, the actual gauge group is S[U(N) × U(N)]. For simplicity, we take the gauge coupling g to be common for all gauge groups. The covariant derivative is DzH = (∂z + iAzH − iHÃz). In this setup, the action of our model is expressed as
where the Higgs field H is rescaled so that its vacuum expectation value v becomes the overall constant of the Lagrangian. The function σ is the rescaled hyperbolic metric defined
In this Letter, we consider the critical coupling (the BPS limit) λ 4 = 1 and the "integrable"
case:
The action in Eq. (2) can be rewritten in the following form:
Since the covariant derivative of the scalar field D µ H should vanish at the boundary of the hyperbolic plane, the lower bound of the action is given by
This Bogomol'nyi bound is saturated if the following BPS vortex equations are satisfied 0 = DzH,
Here, we consider the SO(3)-rotationally-invariant SU(2N) Yang-Mills instantons in fourdimensional Euclidean space R 4 . The SO(3) action on R 4 rotates the coordinates (x 1 , x 2 , x 3 ) and leaves the x 4 -axis as fixed, while the SO(3) orbit of a point is S 2 , as shown in Fig. 1 .
We obtain an upper-half plane H 2 by an S 2 -dimensional reduction from R 4 with the SO (3) fixed line (the x 4 -axis) removed. Since the classical pure Yang-Mills theory is conformally invariant, the conformal equivalence, on a hyperbolic plane H 2 with a specific curvature [23] . Here, we extend this relation to the non-Abelian case [27] .
First, let us consider the generators of the SU(2N) gauge group, which are invariant under the diagonal group of the spatial rotation SO(3) and SU(2) ⊂ SU(2N) generated by
It is convenient to take the following basis for the SU(2)-invariant generators
where T andT are N-by-N Hermitian matrices that can be viewed as the generators of
The 2-by-2 matrices P andP are the projection operators defined by
where σ i (i = 1, 2, 3) denote the Pauli matrices. We define the complex coordinate on H 2 by z ≡ x 4 + ir with r ≡ (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 , whereas a unit vector for S 2 is denoted bŷ
The general SU(2)-invariant gauge one-form on R 4 takes the form
where ω is the SU(2)-invariant one-form on S 2 defined by
As we will see, the one-forms A andÃ can be interpreted as the gauge fields on H 2 . For the gauge field (12), the field strength F 4d = dA 4d + iA 4d ∧ A 4d is given by
Substituting this field strength into the Yang-Mills action and integrating over S 2 , we find that the 4d Yang-Mills action reduces to the action of the 2d U(N) × U(N) gauge theory for the integrable case (4) 1 g
where we have used the following relations
Similarly, the topological charge of instantons in 4d reduces to that of vortices in 2d
This implies that the anti-self-dual equation, F 4d = − * F 4d , for Yang-Mills instantons reduces to the BPS vortex equations (7), (8), and (9) on a hyperbolic plane H 2 for the integrable case (4). Therefore, we can use SU(2N) instanton solutions to obtain
vortex solutions.
C. SU (2N ) instantons from the ADHM construction
In order to construct SO(3)-invariant instanton solutions, we use the ADHM construction [17] . Let B 1 and B 2 be k × k complex matrices and I and J be k × 2N and 2N × k complex matrices, respectively. Then, "the zero-dimensional Dirac operator" is defined by
where we have defined z 1 ≡ ix 1 + x 2 , z 2 ≡ x 4 + ix 3 . Now, let us consider the following
where U is an arbitrary SU(2) matrix. The most general ADHM data (B i , I, J) which are invariant under the SO(3) transformation take the following forms (see Appendix B)
where T is an arbitrary k-by-k Hermitian matrix and ψ is an arbitrary k-by-N matrix. We can show that the SO(3)-invariant ADHM data automatically satisfy the following ADHM equations.
More generally, the ADHM equations are satisfied if B 1 and B 2 are diagonal and (I, J † ) take the form (23) . In such a case, the operator ∇ † is given by
where e µ = (−iσ i , 1 2 ) andē µ = (iσ i , 1 2 ), and we have taken
with k × k mutually commuting Hermitian matrices T µ . For notational simplicity, first, we deal with the case of the mutually commuting matrices T µ and then return to the SO(3)-invariant case by setting T 4 = T and T i = 0 (i = 1, 2, 3).
For the operator ∇ † of the form (25), the zero modes V , which are a (2N + 2k) × 2N complex matrix satisfying the equation
are found to be
Here, S is an N-by-N matrix determined from the orthogonality condition
or equivalently
where we have used the identityē µ e ν +ē ν e µ = 2δ µν 1 2 . From the matrix V , the instanton solutions can be explicitly given by
where
µν is the self-dual 't Hooft tensor defined by η
(ē µ e ν −ē ν e µ ). This solution can be viewed as a generalization of the 't Hooft's multi-instanton configuration for the SU(2) gauge group.
For our purpose, we impose the SO(3) invariance by setting T 4 = T and T i = 0 (i = 1, 2, 3). In this case, Eq. (29) indicates that matrix S is independent of the coordinates of S 2 . Thus, the solutions become
where we have used
Comparing Eq. (12) with Eq. (31), we can obtain the vortex solutions A z and H. Let T be a k × k Hermitian matrix and ψ be a k × N complex matrix, made of the respective moduli parameters. The general form of the vortex solution is
where W andW are (N + k) × k matrices, given by
with S(z,z) satisfying
Here, S is the same matrix as the one for instantons in Eq. (27) ; condition (35) originates from Eq. (29) with the identification z = x 4 + ir and r 2 = (
B. The ADHM construction for vortices
From the fact that the (N + k) × k matrices W andW in Eq. (34) are analogous to the 2(N + k) × 2k matrix V in Eq. (27) for the ADHM construction of instantons, the solutions can be recast into the ADHM form. In fact, for a given ADHM date (T, ψ), the matrices W andW are solution of the "Dirac equations"
where the "Dirac operators" for the vortices are given by
These Dirac operators are analogous to those of instantons in Eq. (26) . Condition (35) is equivalent to the orthogonality conditions for matrices W andW :
These conditions are also counterparts of Eq. (28) for instantons.
We need to check the existence of the inverse of ∆ † ∆ in the ADHM construction for instantons, and therefore there should be a corresponding condition for the operators in Eq. (37) for vortices. However we will not study it in more detail in this paper and leave it as a future problem.
C. Moduli space
Here, we discuss the moduli parameters encoded in solutions (33), (34), and (35) and identify the moduli space. The solutions have the following redundancy in the moduli data (T, ψ):
They can be fixed as
The remaining U(1) k redundancy, ρ ij → exp(iθ i )ρ ij , can be fixed as ρ ii ∈ R. Therefore, the dimension of the S[U(N) × U(N)] vortex moduli space is 1/4 of that of the (framed) SU(2N) instanton moduli space:
If we further divide the moduli space by the SU(N) (global) gauge symmetry ψ → ψg, g ∈ SU(N), the dimension of the moduli space becomes
To determine the physical meaning of the moduli parameters, let us calculate
Now, let us define a k × k complex matrix Z by
with a k × k Hermitian matrix R satisfying
Hence, Eq. (43) can be rewritten as
Since the unbroken gauge symmetry becomes larger inside the vortex cores, the zeros of det H can be interpreted as the vortex positions. Therefore, Eq. (46) 
where the U(k) action is Z → UZU −1 , ψ → Uψ, and R → URU 
the matrix R is solved as
In this setting, the matrix Z = T + iR has the degenerate eigenvalue ir 0 ; hence, the two vortices are coincident. Since the vortex position is independent of a, a parameterizes the internal orientation of the vortices. Indeed, we can see from Eq. (48) that (T, ψ) reduce to two copies of the data for an Abelian vortex at a = 0 while (T, ψ) become identical to the data of two vortices in the Abelian case at a = r 0 / √ 3. We can confirm that the parameter a is physical by observing the trace of the magnetic flux F zz = −F zz . Future works on related topics will include studies on the index theorem of vortices in quiver gauge theories, the explicit moduli space metric, and low-energy dynamics of vortices;
and an extension to arbitrary gauge groups [29] , particularly SO(N) and USp(2N) [30] , from the Yang-Mills instantons with corresponding groups. Since the hyperbolic surface is topologically equivalent to the flat space, quantum dynamics such as the vortex counting should be studied on the hyperbolic surface. In the case of N = 1, our model reduces to the Abelian-Higgs model [23] , in which the vortex equation is reduced to the Liouville equation.
This implies the presence of a non-Abelian generalization of the Liouville equation.
The solution is parameterized by φ ∈ [0, 2π), ρ ∈ R ≥0 as
The metric is given by
which gives a constant scalar curvature −1/R 2 . The hyperbolic plane can be parametrized by a complex coordinate y in an unit disc as
Then, the metric becomes
An upper-half plane is also used to parameterize the hyperbolic plane, where a complex coordinate z is given by
In terms of this coordinate the metric becomes
The SO(2, 1) isometry of R 2,1 acts on z as
In this section, we show that the most general SO(3)-invariant ADHM data takes the form of Eq. (23). First, let us rewrite the pair of the matrices (I, J † ) as
where φ i (i = 1, 2, 3) and φ 4 are arbitrary k-by-N matrices. The SO(3) transformations rotate φ i and φ 4 as
This transformation can be canceled if there exists a U(k) gauge transformation such that
This implies that the matrix U must be in a direct sum of several triplet and singlet representations: φ 4 = 0 for the triplet part while φ i = 0 for the singlet part. However, we can
show that the triplet part does not satisfy the ADHM equations T i = φ i = 0 (i = 1, 2, 3),
where T and ψ are arbitrary k-by-k and k-by-N matrices, respectively.
